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Commercial partner

• Red Funnel: provide a road vehicle transport 
service between Southampton and the Isle of 
Wight

• From small vehicles such as motorbikes to large 
freight vehicles

• Tickets can be bought online up to 6 months 
prior to departure
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• Red Funnel’s 
terminal in 
Southampton

• Ro-ro ferries (roll on 
roll off)



Ferry dimensions
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Multiple vehicle types
are parked on the

main deck. 2D packing
Is allowed

Lane parking of cars and
motorcycles on the upper
deck and cars only on the

mezzanine decks when they
are in operation



Mezzanine decks

The use of mezzanine decks increase the capacity of the ferry for low vehicles 
whilst reducing the capacity for high vehicles



Deck configurations and demand scenarios
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High car demand
2 Mezzanine decks

Medium demand
1 Mezzanine deck

High freight demand
0 Mezzanine decks



INTEGRATED PRICING AND 
PACKING
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Dynamic pricing problem description
Objective: derive a dynamic pricing policy that maximises the expected revenue 
from the sale of vehicle tickets

• Ferry capacity depends on packing efficiency

• Customers

– Arrive at random times during the selling season which begins 6 months 
before departure

– Customer willingness-to-pay is dependent on time until departure and 
varies between vehicle types

– Vehicles vary in size



Illustration of one selling season

Start of 
selling 
season

Departure
iDiscrete 
time

At most one 
customer arrival 
per time period



Integrating packing and pricing
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Pricing 
algorithm

1. Dynamic 
programming

2. Approximate 
dynamic 
programming

Packing 
algorithm

1. 1D Bin Packing
2. 2D Packing 

Heuristic

We have developed two main approaches
• 1. Optimal (Exact)
• 2. Heuristic (Simulation based)

States
1. Feasible 

vehicle mixes
2. Remaining 

area on each 
deck

Capacity model Capture remaining capacity Returns optimal dynamic 
pricing policy

Provides For the



Integrating packing and pricing
• Notation

– ࢙ denotes	the	state	at	any	given	time	interval	and	captures	the	ferries	remaining	
capacity	for	vehicles.	

– ᇱ࢙ denotes the new state after one sale starting from state ࢙

– ሻ࢙ሺ࢚ࢂ denotes the ‘revenue-to-go’ or the expected future revenue if the state is 
࢙ at time ࢚

– ,࢚ࣅ denotes the probability that a customer with vehicle type  arrives at time 
࢚
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Integrating packing and pricing
• Input functions

– Price acceptance function: 
ࢻ , , ࢚ returns the probability 
that a customer with vehicle type 
 will pay a price  at time ࢚

– Transition function: 
,࢙ሺࢌ  returns the new selling	ሻ
season state ࢙ᇱ if a customer with 
vehicle type  purchases a ticket 
at a time when initially in the 
state is ࢙
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Integrating packing and pricing
• Dynamic pricing formulation

– The optimal dynamic pricing look-up-table policy can be derived by solving 
the Bellman equations by backwards recursion

– In each state at each time 3 events can occur

1. No customers arrive
2. A customer arrives but does not purchase a ticket
3. A customer arrives and purchases a ticket
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௧ܸሺݏሻ ൌ max
∈

ߣ௧, ߙ ݅, , ݐ   ௧ܸାଵ	ሺ݂ሺݏ, ݅ሻሻ  1 െ ߙ ݅, , ݐ ௧ܸାଵሺݏሻ
∈ூ

 ௧,ߣ ௧ܸାଵሺݏሻ
(1)(2)(3)

ݏ∀ ∈ ܵ, ݐ∀ ∈ 1. . ܶ െ 1
்ܸ ݏ ൌ 0, ௧ܸ 0 ൌ 0



PACKING ALGORITHM DERIVED 
STATES

One-dimensional bin packing (1DBP)
Two-dimension packing heuristic (2DH)
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Exact and Simulation based state definitions
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• State=count of 
vehicles of each 
type who have 
purchased tickets

• 1 state dimension 
per vehicle type

• State=remaining area on 
each deck 

• 1 state dimension per deck 
region

A

Exact Simulation based

݁ݐܽݐݏ ൌ 3,2,1,1,4 ݁ݐܽݐݏ ൌ ܣ ൌ 950.8, ݁ݑ݈ܽݒ	݊݅ݐ݅ݏ݊ܽݎݐ		 ൌ 26.2
݂ 3,2,1,1,4 , 0 ൌ 3,2,1,1,4  1,0,0,0,0 ൌ ሼ4,2,1,1,4ሽ ݂ 950.8, 0 ൌ 950.8 െ 26.2 ൌ 924.6

Transition equations    for one vehicle type 0 sale



One-dimensional bin packing (1DBP)
• Each deck consists of a set of lanes (bins)

• Each bin has a width, height and length (constraints)

• Maximise the value of the packed vehicles

• 	ݔܽܯ ∑ ∑ ∑ ݔݏ
ೕ
ୀଵ


ୀଵ

ூ
ୀଵ

 ݔ  ݀				∀݅ ∈ ܫ
∈ೕ∈

݈ݔ  መ݈				∀݆ ∈ ,ܬ 	 ∀݇ ∈ ܬ
∈ூ
ݔ ∈ Գ				∀ሼ∀݅ ∈ ,ܫ 	 ∀݆ ∈ ,ܬ 	 ∀݇ ∈ ሽܬ 17



One-dimensional bin packing (1DBP)
• Extended to allow:

– for vehicles parked across adjacent lanes

– for variable lane and deck configurations
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Two-dimensional packing heuristic (2DH)
• A vehicle sliding procedure was used to track the remaining space state and 

the available vehicle positions

• Loading decisions (vehicle ݇ and its position ݆) are chosen to maximise a 
weighted sum of efficiency attribute scores

– ݆∗, ݇∗ ൌ ݔܽ݉݃ݎܽ ∑ ܽݓ
ୀଵ

• A metaheuristic is used to tune the weights to maximise packing efficiency 19



Vehicle mix state space

Vehicle type 1

Vehicle type 2

Capacity envelope

Pareto front

(0,5)

(1,4)

(3,3)

(5,2)

(7,1)
(8,0)

Vehicle type 2 > vehicle type 1



Remaining deck area state space

Car deck remaining area

Main deck 
remaining area

Different vehicle types have 
different space requirements 
(different arrow length)

Non-linear discretisation choice 
allows for low remaining capacity 
state where only some vehicles 
types still fit onto the ferry

The value of this state has to be interpolated 
from the neighbouring defined points

A pointwise value function 
approximation is calculated which 
yields a corresponding dynamic 
pricing policy



Intermediate state value interpolation (1-d case)
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Approximating the value function (Simulation based approach)

23௧ܸ ݏ ൌ ܿ ݊݅ݐ݈ܽݎ݁ݐ݊݅	ݎ݈ܽ݁݊݅  1 െ ܿ ݊݅ݐ݈ܽݎ݁ݐ݊݅	݀݁ݏܾܽ	ݐ݊݁݅݀ܽݎ݃



Concave structure of value function
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The concave structure of 
the value function is 
exploited to speed up the 
solution time of the 
dynamic program



Simulation based approach compared to Exact

discretizations

40

60

80

100

120

Comparison of average revenue results for the exact and simulation based models for
various vehicle type discretization schemes

2 vehicle types 3 vehicle types 4 vehicle types 5 vehicle types

exact
exact expected revenue
1-d bin packing simheuristic
2-d packing heuristic simheuristic
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• 1-D Simheuristic: -2.52% revenue
• 2-D Simheuristic:+31.72% revenue



The interaction between packing and pricing
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• X-axis: vehicle mix state sorted by total length of 
vehicles

• Y-axis: Total expected revenue

• Interpretation: future profit does not strictly 
monotonically increase with remaining lane space

• This is because vehicle mixes with many large 
vehicle reduce the flexibility for packing extra 
vehicles thereafter



THE VEHICLE FERRY LOADING 
PROBLEM
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• Parallel queues for 
pre-sorting vehicles



The vehicle ferry loading problem
• On departure day vehicles who have purchased tickets arrive at random times 

before departure 

• Upon arrival vehicles are directed to terminal queues according to their type 
and dimensions 

• The queue orders are fixed and vehicles can only by loaded from the fronts of 
queues

• Vehicles that cannot be loaded receive a refund and compensation, known 
collectively as a penalty
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Queue constraints can make a packing problem infeasible
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Not loaded∴
Financial penalty

Arrival Scenario 2

Arrival Scenario 1

Ferry
Entrance Vehicle queue

This problem can occur whenever it is not possible to keep all vehicle types in separate queues



Queue constrained packing problem

Objective: maximise revenue from the sold vehicle tickets minus penalties for failing 
to load any vehicles

• Inputs: 

– Set of vehicles who have purchased tickets, arrival time uncertainty

• Decisions:

– Yard policy for arrival vehicles 

– Packing solution after a realisation of arrivals 



GUILLOTINE CUT INSPIRED 
PACKING METHODOLOGY
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Sequential Guillotine-Cut-KnapSack packing approach (SGCKS)
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• Models queue order and position reachability constraints 

• Vehicles are loaded from the fronts of queues first

• Parking positions have to be reachable from the ferry entrance

• In the SGCKS methodology there are two decision variables

• Yard policy 

• Packing solution

• The yard policy and packing solutions are each encoded as integer strings



Yard policy solution encoding
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Terminal

,ݐ  ,ିଵݐ  ⋯  ,ଶݐ  ,ଵݐ

The queue orders are dependent upon random 
arrival times and a lane allocation policy

Quantiles
Strip type small middle large

Width 0 1 2
Length 3 4 5

Example solution={2,5,3}

2=Vehicles with a large width

5=Vehicles with a large length

3=Vehicles with a small length



SGCKS packing solution encoding
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Ferry
Terminal E

ntrance

Quantiles
Strip type small middle large

Bottom row 0 3 6
Left column 1 4 7
Right column 2 5 8

• 3 cut orientations
• 3 rectangle size quantiles

Example solution={3,2,7,0,6}
3=bottom row, medium length vehicles2=right column, small width vehicles7=left column, large width vehicles0=bottom row, small length vehicles



SGCKS relaxation (General Packing or GP)
• Instead of strictly obeying the vertical and horizontal cuts use the nearest corner 

positions, this recovers wasted space within previous cuts 
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Utilisations and optimality gaps for SGCKS approaches
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Two stage stochastic optimisation formulation
• First stage: 

– Determine a yard policy that will maximise operational revenue

– Given uncertain arrival orders

• Second stage: 

– Solve the packing solution for a realisation of the arrival process 

– With yard queues built from the first stage yard policy solution

– The objective is to minimise penalty payments
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First stage solution strategy
• Use a random set of arrival scenarios (S) as the training sample

• Find a yard policy ࢟ and a set of packing solutions ࡼ (one for each arrival 
scenario) which maximises the achievable revenue

• Iterative metaheuristic iterates between

– Packing optimisation for each scenario whilst fixing the yard policy

– Optimise the yard policy whilst fixing the packing solution strings

• Two candidate objective functions

– Expected revenue

– MAXIMIN
39



Maximise the intersection vehicle mix (MAXIMIN)

40

Tickets 
sold={3,3}

Arrival scenario 1 packing solution Arrival scenario 2 packing solution

{1,2}: Simple intersection (just take the minimum of each vehicle type)
{2,2}: Intersection after accounting for nested vehicle sizes

Nested vehicle size

2 small 
vehicles 
left off

1 large vehicle 
left off



Committing to a subset of the booked vehicles
• The vehicle mix intersection approach provides a single vehicle mix that can 

definitely be packed in each scenario

• Therefore we could try to rebook vehicles not in the intersection

• Two policies are tested

– Commit to the intersection vehicle mix and pre-emptively refund the 
rebooked vehicles (under the assumption that this rules out a compensation 
payment)

– Commit all vehicles, this means do nothing
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First stage formulation

• max
௬,

∑ ܴ ݉∈

• Subject to

1. ௦ݒ ← ݃ ,௦ ݂ ,ݕ ݏ ݏ∀			 ∈ ܵ

2. ݉ ൌ min
∈

ݒ 	or ∑ ∈ݒ ݆∀				ݓ ∈ ⁄ܬ

3. ܤ ⊂ ܵ

4. ܤ ൌ ݓ
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-Revenue value of the achievable vehicle mix

-SGCKS maps y and P to vehicle mixes

-achievable vehicle mix (intersection or expected)

-over a subset of the arrival scenarios

-the size of the subset (risk parameter)



Experimental results
• Graph 1: The effect of the number of terminal queues on packing efficiency

• Graph 2: Objective function comparison and committed vehicle mix policy 
comparison

• Graph 3: The effect of the size of number of scenarios (S) and subset size (w)
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The effect of the number of queues
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Expected revenue Vs MINIMAX
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The effect of |B| and |S|
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• For this fully nested 30 vehicle category example revenue after penalties was 
maximised by setting |S| and |B| as high as possible

• When there is no nested vehicle type structure moderate |S| and |B| values 
prevent us from committing to over conservative vehicle mixes



LOADING SIMULATOR DEMO
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Conclusion
• Two approaches to integrated packing and pricing for dynamic pricing of vehicle 

ferry tickets were developed

• Main insights:

– Packing interactions preclude a strictly optimal formulation based on a 
remaining space state in favour of vehicle mix states

– However close to optimal solutions can still be derived using a remaining  
space state definition
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Conclusion
• The loading simulator implemented as a training tool has gained the interest of 

Red Funnel

• In an investigation of the effect queue constrained packing—a problem that Red 
Funnel will face to a greater extent in the future revealed that:

– Fewer queues does (as expected) significantly reduce packing efficiency

– A MaxiMin objective function reduces overfitting to a small sample of 
training scenarios

– The number of scenarios and subset parameter choices depend on the degree 
of nested vehicle size relations
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Thank you
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